We examine the problem of a polymer chain, folded into a globule in poor solvent, subjected to a constant tensile force. Such a situation represents a Gibbs thermodynamic ensemble and is useful for analysing forceclamp atomic force microscopy measurements, now very common in molecular biophysics. Using a basic Flory mean-field theory, we account for surface interactions of monomers with solvent. Under an increasing tensile force a first-order phase transition occurs from a compact globule to a fully extended chain, in an 'all-ornothing' unfolding event. This contrasts with the regime of imposed extension, first studied by Halperin and Zhulina, where there is a regime of coexistence of a partial globule with an extended chain segment. We relate the transition forces in this problem to the solvent quality and degree of polymerisation, and also find analytical expressions for the energy barriers present in the problem. Using these expressions, we analyse the kinetic problem of a force-ramp experiment, and show that the force at which a globule ruptures depends on the rate of loading.
I. INTRODUCTION
The dynamics of biological macromolecules have been an area of active research for over twenty years 1 . In that time, experimental methods such as optical tweezers and atomic force microscopy (AFM) have emerged as useful tools for directly probing the response of biomolecules to applied force. There has been much study of DNA, and of more compact globular structures such as the Ig domain, found in several proteins, e.g titin [2] [3] [4] . These kinds of studies should give insight into the general problem of protein folding and unfolding, which is widely-studied and very difficult, due to the high dimensionality of the problem.
AFM in particular has proven to be a popular method of probing biomolecules, protein mechanics and unfolding kinetics 5, 6 . AFM experiments are typically one of two types: 'position-clamp' mode, or 'force-clamp' mode. In position-clamp experiments 3 , a controlled extension is imposed by the AFM cantilever, and the resulting force generated by the biomolecule is measured. In force-clamp experiments, a controlled force is imposed, and the resulting extension over time is measured, making this a Gibbs thermodynamic ensemble as opposed to the Helmholtz ensemble in the 'position-clamp' mode.
In the forceclamp configuration, globular biomolecules are observed to undergo 'all-or-nothing' transitions from a compact globule to an extended chain 7, 8 , with the rare exception of cases when specific internal bonding in the globule makes the process multi-step.
Theoreticians working to interpret AFM pulling experiments have originally focused on the position-clamp mode. Many papers have shown that using models of semi-flexible polymer chains accounts well for the shape of force-extension curves [9] [10] [11] [12] . Applying a force (or impose deformation) to a polymer globule is a different problem. Halperin and Zhulina first demonstrated that globular homopolymers being extended in this way will undergo a first order phase transition from a weakly extended globular state to an extended state 13 . Later, simple models were able to account for internal properties of the globule: either the bending rigidity or specific bonding between its units (replicating the protein morphology) 14 . There has been previous theoretical work on the force-clamp mode for poor solvents 15, 16 . Polotsky et al. used self-consistent field modelling and verified an 'allor-nothing' transition in this regime. However, although their numerical results extend across a wide range of parameters, the analytical work presented in these papers only remains valid in the vicinity of the Θ-point, i.e. for weakly confined polymer globules. Our main interest here is to understand the 'strongly confined' globules such as folded proteins, or just chains precipitated in poor solvent.
A lot of the work in protein dynamics focus around energy landscapes 17 , which are useful for computation using dynamics simulations. In practice, it would be impossible to accurately determine a complete energy landscape through single-molecule experiments; efforts to determine landscapes have thus far focussed on how the landscape varies over the extension of the molecule. One approach, employed by Szabo et al., is only interested in the potential well the native state resides in, and calculates the rate constant for biomolecules' extension using classical Kramers' theory 18, 19 . This says nothing about the final state energy, which will change with applied force and the quality of solvent, and will only be appropriate when refolding can be neglected. However, it does offer easy calculation and is useful under generalisation to several unfolding paths 20 . These models exist to determine key features of the energy landscape from experimental data, but they do not seek to predict the behaviour of a polymer under mechanical loading. A perfect starting point in this problem is the theory of a self-attracting semi-flexible homopolymer. Although the lack of specific interactions that are present in proteins means that the native state will not be as stable as for heteropolymer proteins, as we move away from the ground state, we can merely average over the het-erogeneity introduced by a protein's primary structure, and approach a homopolymer. In the limit of large deformations, when the polymers are highly stretched and self interactions are minimal, one would expect the two models to behave almost identically.
There have been several computational studies of the self-attracting homopolymer on 2 and 3 dimensional lattices, with the 2-dimensional case showing different phase transition behaviour than for the 3-dimensional case 21, 22 . These are able to account for topology of the globule as well, and offer an insight into the ruggedness of energy landscapes.
This paper aims to construct an energy landscape for a collapsed homopolymer in poor solvent using a Flory mean-field theory. Taking cues from the theoretical work on the position-clamp mode 13 , we allow the polymer to have a globular section and an extended section. In the next section, we calculate the Gibbs free energy for a compact globule in poor solvent, accounting for the monomer-solvent interactions at the globule's surface, and then we do the same for an extended chain, accounting for the entropy of stretching. In Section III, we combine these energies, and analyse the phase behaviour of the polymer under tension. We show the existence of an 'all-or-nothing' transition, and calculate the transition force. We also calculate the energy barriers separating the globule state from the extended state.
Finally, in Section IV we look at the kinetic of this transition, comparing the rate of a steadily increasing force on the globule with the rates of the forward (unfolding) and backward (re-folding) processes. This tells how the expected transition force varies with loading rate. This analysis corresponds to dynamic measurements seen in AFM and other single-chain experiments.
II. THERMODYNAMICS OF STRETCHED POLYMER IN POOR SOLVENT
It is well known that below the Θ-point, a homopolymer will collapse into a compact globular state with the volume is V = N g b 3 , where N g is the number of monomers and b is a length scale determined by the balance of second and third virial coefficients 23 , and for suitably poor solvent will approximate the monomer size.
Thermodynamics of a globular state
Within the bulk of such a globule, the potential energy per monomer is a constant independent of the number of monomers within the globule. For an equilibrium globule formed in poor solvent, we take this energy to be negative, −u. This is in contrast to a fully expanded polymer coil where monomers are well separated from each other and are all equally surrounded by solvent, where we take the enthalpic part of the free energy to be zero in spite of the unfavourable contact between the polymer and the solvent, simply because there are no effective pair interactions between monomers left. The same argument could be phrased via the Flory model of coil-globule collapse, which would express the value of monomer enthalpy u via the Flory χ-parameter, as is done in 15, 16 . We also have to take into account the increase of energy due to monomer-solvent interactions at the surface of the globule 13 . Many authors introduce an independent parameter of 'surface energy' here, but in an attempt to simplify the picture we simply posit that the potential energy for a monomer on the surface, for which half of its surface area is exposed to solvent, can then be roughly taken as −u/2 (see Fig. 1 ). The total free energy of a globule with surface area A in solution is, therefore:
We now consider a situation where it is possible to apply a force f to the ends of the polymer. For a uniaxial force applied in the x-direction, we model the deformed polymer as a sphero-cylinder of a fixed volume determined by N g (an alternative is to model as a uniaxial ellipsoid, but we find the algebra much easier for the spherocylinder with the results not significantly different). Evaluating the area of this sphero-cylinder, we obtain the free energy in the form
where x = l + 4 3 r = V /πr 2 is a measure of the extension of the globule, cf. Fig. 1 . Note that this is not the accurate expression for the length of sphero-cylinder (which is equal to l + 2r); this minor adjustment allows compact expression of F g . When working with constant force, we
. The free energy of a globule, Fg(x), modified by an applied tension f . The Gibbs free energy, G1(f ) is constructed by minimising the free energy of the globule under tension with respect to extension x. The point of inflection fcrit indicates the maximum positive gradient (restoring force) of the unbiased potential.
need to use the Gibbs free energy for such a stretched globule, which is given by:
where x eq (f ) is defined by the condition of mechanical equilibrium:
To find a general expression for x eq (f ) is difficult, but the analysis can be simplified in the limit of small deformations from a sphere, which is certainly supported by the shapes seen in molecular-dynamic simulation. Then
where x sph is the value of x at the potential minimum (when the globule is spherical), and so the small deformation of the spherical globule is given by a linear relation
Going back to the full expression for the free energy of the compact globule in eqn. (2), the other interesting feature of F g (x) is that it has an inflection point, illustrated in Fig. 2 . This means there is a maximum restoring force f = f crit that the globule can provide (that is, no globule can remain stable at f > f crit ). We find this critical force to be
Thermodynamics of a stretched chain
We must also describe the extended phase: the stretched-out segment where all monomers are exposed to the solvent, and the extension is a large proportion of the contour length of the exposed chain. Many classical models exist, from the Langevin function arising in the freely jointed chain model 24 , to the widely used extrapolation formula for semiflexible chains by Marko and Siggia 10 . All of these early models have limits of applicability, but recently there has been a new formula introduced that is valid in all regimes of extension and chain flexibility 12 . For an inextensible semi-flexible chain of contour length L, and persistence length l p , the free energy of extension z combines the contribution from the bending stiffness of the molecule (which is related to the persistence length l p ) and the entropic effects, which give the divergence as z → L. The full expression for the chain free energy is
The stiffness of the molecule offers a greater challenge to the solution of our problem than simply introducing extra terms into the chain's free energy. It will also have an effect on the energy of a globular state, and smaller globules will have their energies raised with respect to larger globules because of an increase in curvature energy per monomer. Therefore, we shall initially restrict ourselves to flexible chains here, taking l p ≈ b and L l p , thus taking the simplified expression
as the free energy of a chain in poor solvent (note that the constant term is added to fix the value of this free energy at zero extension, F (0), to zero). We do not need to include solvent terms, because we have defined our interaction energies to be zero for monomers completely exposed to solvent, and negative for monomers within a globule. As expected, this entropic free energy diverges for z → L for an inextensible chain (with corrections discussed in 12 ). Since the energy is a convex function of z, the addition of a constant force potential V (z) = −f z will create a potential minimum at z eq (see Fig. 3 ), with
The restoring force generated by stretching such a chain is given as
Since f = f (z/L), we infer that the extension in response to an applied force is proportional to the contour length of the chain. Thus, the (negative) free energy of a chain under tension is also proportional to its contour length,
The effective free energy of a chain, F ch (z) − f z for three values of tension f . The Gibbs free energy G2(f ) is constructed by taking the minimum of the effective free energy. The position of the minimum defines zeq(f ).
and for a chain of N c monomers, we can write the Gibbs free energy, G 2 (f ), as
where µ(f ) contains all of the physics of the problem, and z eq (f ) is determined by solving eqn. (9) . Within the context of this model, at sufficiently high tension, the exposed chain segment will be stretched almost to its full contour length. In this limit it is possible to obtain an approximate analytical form for µ(f ), by taking z = L − , where /L
By keeping terms up to O(
2 ), we find µ(f ) to be
where the non-dimensional shorthand parameter ξ measures the fractional extension of the chain relative to its contour length,
III. EQUILIBRIUM PHASE BEHAVIOUR
Consider now a long polymer chain of N monomers, which would exist in the folded globular state in poor solvent. Can we use the two phases discussed above to deduce the equilibrium response of this system under an applied tension? To calculate the Gibbs free energy of the polymer, we assume that in equilibrium the polymer can be completely compact, or completely extended, or consist of a single, smaller globule with N g = N −N c and a stretched-out tail of N c monomers, as in Fig.1 . The full Gibbs free energy can then be written as
The construction of G is illustrated in Fig. 4 , which shows the existence of two metastable states: when the polymer is fully globular (N c = 0), and when the polymer is fully extended (N c = N ) .
4. Gibbs free energy curve for a polymer of total length N , subject to a particular tension force, f0, as a function of varying numbers of monomers in the stretched-out chain, Nc.
The final free energy is a sum of the Gibbs energies of the chain, G2(Nc), and of the remaining globule with N − Nc monomers, G1. Figure 5 shows the variation of the full Gibbs free energy G with the chain conformation characterised by N c , which plays the role of 'reaction coordinate' in our problem, for several values of applied tension f . We see first that the free energy curves are disjoint. For each force f , there is a range of globule sizes that will not sustain a restoring force of its magnitude, determined by the expression for f crit in eqn. (7); the boundary of this region is marked by the dashed line in Fig. 5 . The right-most states on this plot (marked with the cross) correspond to the fully unfolded chain. Since no globule can exist beyond the critical force, there are no physical states with a defined Gibbs free energy G(N c < N ) in this region: the only state (whether stable or metastable) is when N c = N .
We also see the existence of a first order (discontinuous) phase transition at a force f * . At this point, the two equilibrium states of equal depth are separated by an energy barrier ∆G. It is not until the force reaches a much higher value f 2 that the globule loses its metastability and the chain can only exist in the fully extended state with N c = N (these end values for each curve are marked by a cross in the figure). It is clear from Fig. 5 that there is no intermediate minimum between the globular state, and the stretched chain.
To find the force at the equilibrium thermodynamic phase transition, f * , we equate the Gibbs energies of the globule and the chain, G 1 (f, N ) = G 2 (f, N ) from eqs. (3) and (10) :
Inserting eqn.(6) for x eq (f ) again, we find, to leading
5. Gibbs free energy curves against the number of monomers within the polymer that are in an extended phase. The different curves are for different constant forces, 0 < f < f * < f2. ∆G is the energy barrier separating the two states Nc = 0 and Nc = N when they are of equal energy. The thick grey dashed line indicates the boundary of critical force, past which there are no equilibrium solutions except the fully extended phase.
order terms in N ,
For sufficiently large u, we can find an approximate expression for f * :
where the dimensionless shorthand parameters u * and a * are identified as
For large N 1 (as expected to be the case in most polymers), in the leading order:
There is an important difference with the earlier work of Polotsky et al. 15, 16 , who have only considered weak globules and small forces (to Taylor-expand their expressions) and effectively remained in the quadratic region G eq ∼ −f 2 in Fig. 6 . Therefore, in order to have any transition at all, they had to consider a very low binding enthalpy u (i.e. the solvent close to the Θ-point). Although our results look qualitatively similar in plots, the algebraic differences in allowing for large tension forces and strongly compacted globules are significant. We are also able to find the position of the free energy maximum (the barrier), G * , in Fig. 5 :
3 4π
These terms have clear physical meaning. The first term is the (positive) energy change when a monomer is taken from the bulk of a globule, and the second is the (negative) energy change when a monomer is added to the chain allowing it to be stretched less. The third term is the (negative) leading-order term due to contraction of the surface of the globule when a monomer is removed. This is force-independent; the first order correction due to the application of a force is identically zero. The final term is the increase in mechanical work on the system due to the globule shrinking against an applied force when a monomer is removed. The point at which the globule completely loses its metastability, f = f 2 , is reached when the barrier G * reaches the boundary N c = 0. This gives a condition for f 2 , when we let N c → 0 in eqn. (19) and find:
In a way identical to eqn. (16), we can find an approximate expression for f 2 for sufficiently large u:
where the dimensionless shorthand parameters u 2 and a 2 are identified as
For large N , in the leading order we find f 2 ≈ f * in eqn. (18) . However, from comparing eqs. (17) and (22), we see that u 2 ≥ u * , and so it is clear from eqs. (16) and (21) that f 2 ≥ f * , with equality holding only at N → ∞.
More generally, and noting that N g = N − N c , we can find an expression for the number of monomers in the globule at the free energy maximum, N * g , by solving the effective quadratic eqn. (19) , to find
where ∆ = µ(f )+u is the (positive) net change in the energy per monomer between the globule and the expanded state (which reflects the fact that the solvent remains poor even though the monomers were forced into the expanded configuration). The position of the free energy barrier is plotted in Fig. 7 , where we see that it becomes equal to N at f = f 2 , that is, at f ≥ f 2 even the full globule is 'past the barrier' and is absolutely unstable. We can use this expression for N * g to find the energy barriers, both from the globular state, and from the fully expanded state of the chain. The barrier height from the globular state for a polymer of N monomers: ∆G g = G * − G 1 (N ), is found to be
and the barrier height from the extended chain state for a polymer of N monomers,
By equating the eqs. (24) and (25), we can recover the condition for the thermodynamic transition, f * , found in eqn. (15) , which is a reassuring check, since when the energy barriers from the globule state and from the chain state are equal, the two states themselves are equal in energy. This is illustrated in Fig. 7 . From eqn. (23) we can also see that ∆G g (f 2 ) = 0 for N * g = N (see Fig. 7 ), again confirming the point at which the globular state is no longer metastable.
Another interesting and subtle feature of Fig. 7 is that the free energy barrier ∆G c (0) remains non-zero even at f → 0. Equally, the free energy barrier position N * g = 0 at f → 0. This means that if we prepare a chain in a fully expanded (coil) state (with N c = N ) and then rapidly quench the temperature, or otherwise make the solvent poor -there will nevertheless remain a free energy barrier to nucleate a globular state. The same effect can be seen in Fig. 5 , where the zero force curve has a region with positive energy near N c → N . This is an effect similar to the barrier arising in the classical nucleation theory 25 . This barrier height will be further enhanced by the high curvature in small globules, if bending energy is taken into account.
IV. KINETICS OF UNFOLDING BY TENSION
We have now discussed the equilibrium behaviour of a homopolymer in poor solvent under applied tension. Can we extend this treatment to include non-equilibrium behaviour?
For forces below f 2 , the compact globular state and the extended state are in two potential wells, separated by a barrier. We can characterise the rates of transition over this barrier, from the compact state to the extended state, and vice versa, using the rate constants K + and K − respectively.
Clearly, at low tension the polymer is folded, while no globule can exist past the end of metastability range f 2 . In order to explore the details of the transition, especially in the region of the thermodynamic equilibrium f ∼ f * , we examine the probability of transition at a given force, as tension is applied to the polymer. Given that at time t, a globule has a probability p(t) of remaining unbroken, the probability it remains so a time ∆t later is given by
Consider a situation where the tension applied to a polymer is ramped linearly, such that f =ḟ t, where the ramp rateḟ is a constant. Remember that the chain can only exist in one of the two extreme states. In this case there is a well defined relation between f and t, and so it is easy to change variables in eqn. (26) . Using an integrating factor approach for the resulting differential equation in f we can rewrite it in the form:
where the shorthand notation for the exponent is:
Integrating both sides of eqn. (27) and assuming the polymer is initially unbroken (i.e. p(0) = 1) we derive an expression for the probability that a globule has not broken apart (the 'survival probability') p(f |ḟ ) at a given force f , subject to a tension ramp rate ofḟ :
There exists a body of literature on determining the rate constants. One popular approach is to use the classical Kramers' theory. In its framework, Brinkman 26 has given the expressions for these rates of transitions between two wells separated by a barrier in a potential V (x):
where γ is the damping coefficient: the ratio k B T /γ is the bare diffusion constant of a potential-free motion. In our problem of the transition between the globular and expanded states of the chain under tension, the free energy profile is given by the eqn. (13) and illustrated in Fig. 5 (see also the inset sketch in Fig. 8 ), given that the reaction coordinate is N c : the fraction of chain in the expanded state. We can treat this energy landscape as two triangular wells at N c = 0 and N c = N , separated by a parabolic barrier (leading to a Gaussian approximation for the barrier integral). It is straightforward to find the gradients α and β of the free energy at N c = 0 and N c = N , respectively, and the curvature (second derivative) of the free energy ω at the barrier at N * c = N −N * g . Thus we obtain the rate constants of transitions over the barrier from either direction: Rates of transitions (a.u.)
The plots of transition K+ and K− (scaled by the common factor kBT /γ) against the tensile force, using the values N = 100, u = 2kBT as in other plots. On this full scale, the plot emphasizes the divergence of the unfolding rate K+ at the limit of metastability range f2 and the high rate of folding rate at f < f * . Plot of 1 − p(f |ḟ ), proportional to the rate of globule unfolding at a given force f , in an experiment with a constant force-ramp rateḟ , focussing on the range of forces near the transition. N = 100, u = 2kBT as in other plots; different curves correspond to the force ramp rate increasing by a factor indicated in the plot. As expected, at a very slow ramp the transition happens close to the equilibrium point f * , but at faster rates of the force ramp it is delayed and spread over a wider interval.
where the expressions for N * g , ∆G g,c are found in section III, and the full G(f ) that allows to derive α, β and ω is given in section II above. Figure 8 illustrates how these rate constants vary with the tensile force. Substituting K +/− to the expression for survival probability p(f ), we illustrate in Fig.9 the final result by plotting the probability (i.e. the rate) of chain unfolding [1−p(f )] comparing the outcome of eqn.(29) for different ramp rates. At low tension, the chain remains in the globular (folded) configuration with the probability p = 1 regardless of the ramp rate. At a low ramp rate, i.e. close to the equilibrium thermodynamic conditions, the probability of unfolding (1−p) becomes noticeable at f = f * , but at the greater rates of force ramp the transition is delayed till well past the equilibrium transition point. No globule can exist past the end of metastability region f = f 2 . All these are expected features of the classical first order phase transition.
V. CONCLUSIONS
Halperin and Zhulina 13 showed that in the 'positionclamp' mode (i.e. imposing a fixed extension in the Helmholtz thermodynamic ensemble), the collapsed polymer globule undergoes a transition to an extended chain through a gradual release of chain from the globule. In contrast, in the constant-force Gibbs ensemble the forceclamp transition is not gradual, but instead has 'all-ornothing' nature (as has been seen in lattice simulations in 27 , in 15, 16 , and elsewhere). The globule undergoes a discontinuous jump in extension at a threshold force, and we show that it depends on the kinetics of the experiment.
These results provide testable predictions of polymers stretched in 'force-clamp' AFM experiments. The results are valid in very poor solvent, where the 'strong' globule may be regarded as excluding all solvent. The earlier theoretical work of Polotsky et al. 15 has demonstrated that close to the Θ-point, that is, in a weakly confined globule, the equilibrium transition force f * ∝ √ u. We also saw this term in the long-chain limit, eqn. (18), but also found a linear contribution dominating the dependence of transition force on solvent quality. We believe that our studied regime of very poor solvent is most relevant in the study of globular biomolecules.
In the force hysteresis range f * ≤ f ≤ f 2 , the expanded chain has become the stable state, but the globular phase is still metastable. The force at which a polymer initially in the globular phase transitions to the extended chain will depend on how the tension is introduced (see Fig. 9 ). Consider an experiment where the tension is ramped up from zero at a constant rate until the globule ruptures. If the tension is ramped up infinitesimally slowly, the chain will unfold at a force close to the thermodynamic equilibrium transition point f * . In the limit of a very fast force ramp, the polymer will not unfold until the globule becomes absolutely unstable, at f = f 2 . In the thermodynamic limit of N → ∞, the transition force should become independent of force ramp rate (since in this limit f * ≈ f 2 ). If the tension on the extended chain was then relaxed, the transition back to the globule could occur anywhere in the region 0 ≤ f ≤ f * , due to the nucleation barrier discussed at the end of section III. The exact transition force would again depend on the rate of relaxation. This hysteresis is typical of a first-order transition.
It may be possible to gain a crude estimate of the expected transition force using the calculated expressions for the free-energy barriers ∆G g , ∆G c , and the position of the barrier N * g . Future work within this model could focus on finding these force-dependent transition rates. However, a complete analysis must take non-equilibrium factors into account. There also remain questions about the mechanism of transition -does the globule 'explode' at the transition? Or does it quickly spool out in a 'tadpole' configuration? Does the polymer lengthen into a series of smaller 'blobs' until it is fully extended?
We note that biomolecules typically have a relatively wide range of forces over which transitions take place from a metastable state, typically in the range 50-200pN 7, 8 . To account for such broad ranges of f * ≤ f ≤ f 2 , it may be necessary to include the effect of specific interactions into the theory.
